Abstract-This work presents a theoretical method to solve metalstub photonic-band-gap (PBG) problems based on the multiplescattering and modal analysis methods. The multiple-scattering method is generalized, which replaces the scattering coefficient by a mode-coupling matrix. Corresponding sizes between the full dielectric cylinder and the metal stub could be determined based on modal analysis. The metal stub can generate a similar frequency response to that of the full dielectric cylinder, implying that the metal stub is a good substitute for the dielectric cylinder. An experiment conducted at a low terahertz region verifies the theoretical predictions. This work offers a possibility to design two-dimensional photonic crystals using metal stub by adjusting its height for low terahertz applications.
INTRODUCTION
Previous studies have demonstrated that the metal parallel-plate waveguide (PPWG) is capable of propagating terahertz pulses [1] [2] [3] [4] [5] [6] . With no group-velocity dispersion, the transverse electromagnetic (TEM) mode of PPWG is characterized by undistorted and low-loss wave propagation. The two-dimensional (2D) PBG [7] structure is also brought up many applications in terahertz range, most using full metal or dielectric cylinders/holes [8] [9] [10] [11] [12] . Using dielectric cylinders or holes must consider their dielectric properties and frequency response, while using full metal cylinders generally has an extremely low transmission [13, 14] . A previous work devised a metal-stub shape for a 2D-PBG structure [13] , in which an air gap is maintained between the metal stubs and another waveguide plate. This feature offers an additional degree of freedom in the design of the PBG structure since the metal stub height can be adjusted; in addition, the aspect ratio is not necessarily so high, making it relatively easy to fabricate. Unfortunately, the metal stubs break the 2D symmetry, which is not easily analyzed by the plane-wave expansion method or other theoretical methods. It could be solved by finite-difference timedomain method [15] [16] [17] [18] [19] [20] or finite element method [21, 22] , but they may need much computing time. Therefore, a theoretical method is developed to calculate this problem.
The third dimension of the wave is bound by PPWG, which differs from 2D-PBG structures in the optical ranges bound by total reflection between two dielectric materials [23] . Therefore, only the E-polarized wave (TEM mode, not transverse-magnetic-like, TM-like, mode) can be propagated in PPWG under the cutoff frequencies of other high order modes; in addition, no fundamental H-polarized wave could exist in PPWG [24] . Although this is an advantage for a single mode operation for the E-polarized wave, the PPWG systems cannot apply directly to the published theory of H-polarized wave. Therefore, this work focuses on the E-polarized wave.
This work presents a theoretical analysis of metal-stub PBG structures based on multiple-scattering [25] [26] [27] and modal analysis methods [28] [29] [30] [31] . A PBG structure in the low terahertz region (Wband, 75-110 GHz) [11] is also exemplified to verify the theoretical prediction accuracy.
Both theoretical and experimental results correlate well with each other.
MULTIPLE-SCATTERING METHOD
By using the multiple-scattering method, the transmission in the frequency domain for a finite crystal is obtained to locate the band gap [25] [26] [27] . All definitions are described first, followed by a generalization of the method to solve metal-stub problems in the final paragraph of this section. The incident wave is a plane wave e ikx with a finite range w (from y = −w/2 to y = w/2) located at x = −l in Cartesian coordinates (x, y), where k represents the wave number and i ≡ √ −1. The Kirchhoff integral formula [32] with the infinite-space Green function [33] leads to
where E I represents the incident electric field whose direction is perpendicular to the plates, r ≡ (x + l) 2 + (y − y ) 2 , cos θ ≡ (x + l)/r , (r, θ) denotes the polar coordinates, x denotes the observer's coordinates (x, y), and H 0 /H 1 denotes Hankel functions of the first kind of zero/first order. The incident wave can be rewritten as the sum of the Bessel functions of the first kind J M for a particular cylinder j located at x j = (r j , θ j ),
where x oj = x − x j = (r oj , θ oj ), and α M (j) represents the complex coefficient of the incident wave for cylinder j. By considering just one cylinder at the origin, the scattering wave is a linear combination of Hankel functions of the first kind H M (kr)e iM θ to match the radiation boundary condition. For the boundary condition at r = a (where a denotes the radius of the cylinder), e iM θ is orthogonal for different M , so the coefficient of H M (kr)e iM θ is determined simply by the coefficient of J M (kr)e iM θ of the incident wave. The ratio of those two coefficients is often defined as scattering coefficient A M . In the multiple-scattering case, the scattering wave is
where β M (j) represents the complex coefficient of the scattering wave for cylinder j. For cylinderĩ, the equivalent incident wave is E I ( x oĩ ) + j =ĩ E Rj ( x oj ). Based on the addition theorem for cylindrical harmonics, H M (kr oj )e iM θ oj can be expanded in terms of J M (kr oĩ )e iM θ oĩ , which gives
where
For all differentĩ, they form a set of self-consistent linear equations. After the equations are derived, β M (ĩ) can be obtained, which is equivalent to solving the entire problem. The sum of M cannot be infinite due to the calculation capability. Actually, our calculation converges for the sum of M running from −2 to 2. The transmission coefficient can be defined in the far field region kr 1 and θ = 0. Now the incident wave can be approximated to H 0 (kr)kw/2 [25, 34] , and the total field amplitude is H 0 (kr)kw/2 + H 0 (kr) j ∞ Thus, the transmission coefficient is
For a PBG, the transmission is low, regardless of the direction of incident wave. For either the metal or dielectric cylinder case, the scattering coefficient A M can be derived by matching the boundary condition at r = a, in which only one TEM mode is considered. However, for metal-stub structures that break the 2D symmetry, some higher TE (transverse electric) and TM modes are generated when a TEM mode wave contacts the discontinuous boundary of a stub, further complicating the problem. In that case, the scattering wave includes the different multi-modes in PPWG, so α M (j) and β M (j) now denote vectors composed of the TEM, TE, and TM modes in Eq. (4). Also, the scattering coefficient A M should transfer to a matrix in order to represent the coupling of different modes, called a mode-coupling matrix. The transmission coefficient should be reconsidered for the other high order modes in Eq. (5) if the propagating constant of the high order mode is real. The following modal analysis demonstrates how to derive the mode-coupling matrices of scattering coefficients.
MODAL ANALYSIS IN THE CYLINDRICALLY SYMMETRIC CASE -M = 0
The following analysis is performed for the mode-coupling matrix of scattering coefficient A 0 for metal stubs at the origin. The electric and magnetic fields in PPWG for TM modes for cylindrical symmetry are as follows [24] :
where E θ = B r = B z = 0, X 0 denotes the Bessel function of any kind of order zero, z represents the coordinate of the height in PPWG, k m ≡ mπ/h, m is a positive integer, h denotes the air gap between the parallel plates, 
because it should be well-defined at r = 0, where k n ≡ nπ/d and d represents the height of air gap from the lower plate to the bottom of the metal stub, as shown in Fig. 1 .
At the boundary r = a, the equation of E r is z-partial differential equation of B θ multiply multiplied by −ic/k. Therefore, only the equations of E z and B θ should be considered as follows:
Multiplying Eq. (9) by cos(k m z) followed by integration with z from 0 to h, and multiplying Eq. (10) by cos(k n z) followed by integration with z from 0 to d reduce those equations in matrix representations as follows:
where M 2 and M 4 are defined as follows:
where m = 0, 1, 2, 3, . . .; C, D, and δ are column vectors defined
Solving the equations gives,
The mode-coupling matrix of the scattering coefficient is
The matrix converges when the number of modes exceeds 10. For M = 0, Appendix provides details of the derivation.
CASE STUDY -DIELECTRIC CYLINDER AND METAL STUB
If the air gap of PPWG is such smaller that cutoff frequency of any high order mode is higher than the operating frequency, those modes cannot propagate and decay quickly in a small range when they are generated. In this case, the multiple scattering for the high order modes is negligible. The mode-coupling matrices of scattering coefficients can be reduced to a scalar form as the mode-coupling coefficient from TEM mode to TEM mode. The problem is thus the same as the full cylinder case when the scattering coefficients are determined. If the scattering coefficients of the metal stub are occasionally the same as the dielectric cylinder, a similar PBG is obtained based on the planewave expansion method [35, 36] in the dielectric cylinder. After the mapping between the metal stub and the dielectric cylinder is obtained, a similar property of PBG is also obtained for the metal stub structure. However, owing to the difficulty in matching all scattering coefficients in a board frequency range, a small radius of cylinder is chosen in this work to allow the high order A m to be significantly smaller than A 0 [34] . Thus, only one A 0 should be considered. When selecting a dielectric cylinder with a radius of 0.15 mm and relative dielectric constant of ε r = 8.9, there is a PBG in 95 ∼ 99 GHz for the lattice constant 1.5 mm, as shown in Fig. 2(a) . The dielectric cylinder corresponds to a metal stub with a radius of 0.2 mm and height of 0.53 mm (h = 1.27 mm), the property of the scattering coefficients A 0 , as shown in Fig. 2(b) . Figs. 2(c) and 2(d) show the multiplescattering calculation results for two incident wave directions. In Fig. 2(c) , for the incident wave in the crystal's Γ-X direction, the stop band is around 79 ∼ 99 GHz for the dielectric cylinders correlating well with Fig. 2(a) . However, the stop band changes to 79 ∼ 103 GHz for the metal stubs because the scattering coefficient A 1 of the metal stub is higher than that of the dielectric cylinder, especially for a frequency exceeding 95 GHz. In Fig. 2(d) for incident wave in Γ-M direction of the crystal, the dielectric cylinders and the metal stubs resemble each other in terms of multiple-scattering calculation results. This finding suggests that PBG is larger (about 92 ∼ 103 GHz) for the metal stubs, which agrees well with the eigenfrequencies based on HFSS (High Frequency Structure Simulator, ANSYS) in Fig. 2(a) . Figure 3 shows the simulation results of HFSS for the field patterns of the stop band and the pass band. The transmission is large at the pass band in Fig. 3(a) , and there is some focus of the incident wave, which responds to the transmission peak at approximately 76 GHz in Fig. 2(c) . The incident wave decays rather quickly when it contacts the crystal, resulting in nearly no transmission at the stop band in Fig. 3(b) . Notably, the theory presented in Section 2 is unable to consider the reflection effect of the source/receiver horn, while HFSS can verify such an effect. The source/receiver horn is designed properly to reduce the reflections bases on the HFSS simulations. Thus, the experimental apparatus is constructed using this structure. Figure 4 (a) displays the experimental apparatus whose interior is the same as in Fig. 3 . Details of the apparatus can be found in Ref. [34] . Connected to a W -band network analyzer, the transmission can be measured from 75 GHz to 110 GHz. The crystal consists of a 15 × 15 grid with a space of 1.5 mm, and it is cut off 4 corners and forms an octagon, as shown in Fig. 4(b) . The octagon preserves the cross-section of the crystal for any direction of incident wave. Figure 5 indicates that the experiment results that agree well with the calculation results by using the multiple-scattering method with w = 20 mm and l = 30 mm. The incident wave almost reflects to the (a) (b) Figure 3 . Simulated diffraction patterns using HFSS at the frequencies of (a) 75 GHz (at pass band) and (b) 96 GHz (at stop band). The incident wave originates from the left-hand side, and the receiver is placed at the right-hand side. Γ-X direction of the crystal is parallel to the incident wave.
(a) (b) Figure 4 . Photographs of (a) experimental apparatus and (b) metalstub PBG structure. Despite the numerous machining traces on the surface in the photo (b), its surface roughness is much smaller than the wavelength.
incident horn in the stop band such that the ripples are obvious, which are attributed to the connection gap of the horn in the apparatus. The machining error is larger than 0.01 mm, explaining why the height of metal stub is difficult to fabricate precisely; the experimental results thus converge slightly from the calculation results. Stub height (h-d) is critical to the overall performance, which could be proven in the modal analysis. Thus, accuracy of (h-d) for PBG applications using metal stubs should be of priority concern. In the transmission peak, although the some frequency shifts slightly, the calculation results and the experimental results closely correspond to each other. 
CONCLUSIONS
This work described a generalized multiple-scattering method for metal-stub structures and modal analysis for scattering coefficients (matrices) of a metal stub in PPWG. The transmission (even full field patterns) can be calculated based on these theoretical methods.
The proposed method can also analyze other 2D-PBG structures that break the 2D symmetry like holes. A case study involving photonic band gap verifies that the dielectric-cylinder structure can be replaced with metal stubs in a PPWG. Additionally, the air gap can always be shortened to raise the high-order-mode cutoff frequency over the operating frequency range. When an adequate dielectric material cannot be obtained or is too difficult to fabricate, the metal-stub structures can be used to substitute the dielectric structures.
APPENDIX A.
The following analysis is performed for the mode-coupling matrix of the scattering coefficient A M for metal stubs at the origin. The electric and magnetic fields in the PPWG for TM and TE modes are as follows [24] :
TM mode
TE mode
where X M denotes the Bessel function of any kind of order M , z denotes the coordinate of the height in PPWG, k m ≡ mπ/h, and 
